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In this paper we calculate which prime powers ps divide A,,,,, = g.c.d.(k! S(n, k)l 
m < k < n) for s < p. Here S(n, k) is a Stirling number of the second kind. 
Certain problems in algebraic topology concerned with calculation of 
e-invariants and formulas relating different characteristic classes in K-theory 
lead the problem of calculating the number 
A n.m = g.c.d.{k!S(n, k) j m < k < n), 
where 
k! S(n, k) = (-1)‘~ C (-I)” (“,, qli; 
,.I>0 
i.e., S(n, k) is a Stirling number of the second kind. 
In the author’s work [3] the numbers A,,, were given as functions of n 
for n - m = 1,2, 3,4,5, and further calculations have extended this to 
12 - m = 6, 7, 8. The scheme for calculation in these results is to write 
k!S(n, k) as a polynomial in n and calculate the g.c.d. The simplest (but 
typical) calculation is 
A,,,-l = ((n - l)! s(n, n - l), n!S(n, n)) = n!/(n, 2) = n!((n - 1,2)/2), 
although several shortcuts in doing these calculations have been developed. 
The purpose of this paper is to calculate A,,, from the other direction, 
i.e., when m is small. Thus in Section 3 we give the smallest m for which 
pt I 4wn where p is an odd prime and t < p - 1. 
Section 1 develops certain congruences modulo prime powers among sums 
of binomial coefficients while Section 2 gives some con@uential identities 
among the Stirling numbers. Section 3 gives the divisibility of A,,, for powers 
of odd primes and Section 4 for the prime 2. We point out that the method 
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given here will give results beyond those of the paper. The original objective 
was to express A,,,, in terms of the Atiyah-Todd numbers Mk [I], and the 
author still believes this to be possible. 
1. PARTIAL STIRLING NUMBERS 
Recall that the Stirling numbers of the second kind, S(n, k), may be defined 
by the equation 
k! S(n, k) = (-1)” i (-1)‘1Q q”. 
G-0 
In order to study the divisibility of these numbers by a fixed odd prime p, 
we write 
to C-1)” (4 4” = g (-*lb ilo (-*)gp c,r, b) (qp + b) 
and study the divisibility by powers of p of the “partial Stirling numbers” 
(- l)b Csao (-l)qP(9&b)(qp + b)“. We begin with n = 0. 
THEOREM 1.1. Let p be an odd prime, and let s, a, b be integers such that 
0 <a<~-landO,<b <p.Thenfors>l 
(mod ~3; (i) (-l)b z. (-1)” (” + ‘t)($l) - “) = 0 
(ii) (-l)b C (-l)g (“g + i)) = (-p)“-’ 
eao 
(iii) (-l)b q’. (-l)g (S(pqi:)b ‘) = 2b ‘2” + ’ (-p)“-’ (modp3. 
(mod ~9; 
Proof The proof is a straightforward but somewhat tedious induction 
on s. 
Remarks. (1) In general, symmetry of the binomial coefficients implies 
go (-1)g ((2, rpyb+ 2b) = 0. 
Thus in formula (iii), if 2b + s + 1 = pt, then s(p - 1) - 1 = (t(p - 1) - 
2b-l)p+2b=(2m+l)p+2band 
z. (-1)‘1 (S(pq;:)b- 1) = 0. 
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(2) Using formula (1.53) of Gould [2] one can calculate more precisely 
when p = 3. In fact for 5m + c - 2b > 0, 
and 
z. (-1)” (g; ‘) = (--I)” 33@A, ) 
where we have 
(3) For the prime 2, the relevant formulas for our purposes are 
COROLLARY 1.2. Zf p is an o&prime and 0 < b < p, then 
(--ljb z. t-1)” (,: b) =I 0 (modP).for k > s(p - I), 
t-1)” z. (---ljg (“g t i’) + 0 (modp*). 
The recursive formula S(n + 1, k + 1) = S(n, k) + (k + 1) S(n, k + 1) 
roughly corresponds to the formula in the following lemma. The remaining 
results of this section are proved by induction using this formula. 
LEMMA 1.3. Zfr > I, then 
(--l)b;o(-l)’ (,: b) (qp + b)’ 
= k [(-l)b ,F;, t-1)’ (qp; b) (qp + by-1 
- (-*jb q;. c-1)’ (;; ‘,, (qp + b,-l]. 
/ 
Proof. From the identity 
(qp;b)(k--P--b) = k(;;;) 
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c,: bbP + b, =k [(,: b) - (;lb,]. 
Multiplying by (- I)“+“(qp + b)‘-l and summing on q yieIds the formula. 1 
For p any prime and k # 0 an integer v,(k) is the exponent of p in the 
prime factorization of k. Since we will be concentrating on a fixed prime we 
write v,(k) = v(k) in the remainder of this section. 
The following theorem gives a lower bound for the power of o dividing 
a partial Stirling number. Its proof is an induction on r = u(p - 1) + c 
using Lemma 1.3. The proof is a straightforward checking of several cases 
and is left to the reader. 
THEOREM 1.4. Let p an oddprime; let 0 < b < p; let k = s(p - 1) + a, 
O<a<p-1; let r=u(p-l)+c, O<c<p-1; and suppose 
0 < r < k. Then 
(I) for 0 < a < c (and hence u < s), 
(-lib z. (--1P (scpq;-f); “) (qp + b)MP-1)-M z () (modps-u-I+vWJ); 
(ii) fort <a <p- I, 
(-ljb ;ow)q (stpq;$+ “) (qp + b)U(P-l)+C E 0 (modps-u+v(kk). 
A simpler way of stating these formulas but which is not quite so useful 
in what follows is 
(-l)b c (- ‘)a (, “t b) (qp + b)’ = o (modp[("-~-l)/"-l)l+"'")), 
00 
where [x] is the greatest integer <x. 
For use in the next section we state the following corollary. 
COROLLARY 1.5. For r -C k, 
Izo (--ljq (;) (4P)’ = 0 (modpm~([(k-~-1)/(P--lllfv(k).~)). 
The next theorem yields upper bounds for the power of p dividing 
(-l)b z. (---l)’ (,: b) (t?P + b)’ 
/ 
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in case 1 < r < p. The proof uses Theorem 1.1 and Lemma 1.3 repeatedly 
and is a straightforward checking of many cases. We leave the details to the 
reader. 
THEOREM 1.6. Let p be an odd prime and let 0 < b < p. Then 
(i) for 1 < r < p - 1 and k = s(p - 1) + r, s > 1, 
(-ljb z. (-1)’ (s’pq;.:‘b’ ‘) (qp + b)’ 
= -k(-p)“-l [(r - l)! (: 1 i)] (modps+v(k)); 
(ii) forr=p-l+c,c=O,l;andk=s(p-l)+c,s>,2, 
(-lib z. (-ljP (scpq;:)bl- “) (qP)p-l+c 
= ‘-k(-p)s-z [(r - 1) ! (s 1 t)] (mod ps-l+v(k)); 
(iii) for 1 < r <p and k = s(p - 1) + r - 1, s > 1, 
(-ljb z. c--ljg (stp -q;)Q+; - ‘) (qp + b)’ 
= -k(-p)“-’ [$ (” y ‘) + (r - I)! (, f 1) b] (modpS+v(k)); 
(iv) for r = p and k = s(p - l), s >, 2, 
(- 1)” z. (- Og rg ; ;‘) (w + b)* 
= -k(-p)S-2 [(p - l)! (i 1 i) b] (modpa-l+“(k)). 
If we next calculate the stage r = p + 1 we find 
xp” (“‘“,:‘b’ “) (qp + b)P+l = 0 (mod pa--l+“(k)) for a = 1,~. 
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By an induction analogous to that of Theorem 1.4, we prove that for 
k>r>p, 
z. (-l)q (s’pq~~~ “) (qp + b)u(g--l)+c G 0 (modps-“+u(k)) 
for c - 1 <a<p- 1. This strengthens Theorem 1.4. 
It is useful to analyze the formulas of Theorem 1.6 with respect to the 
congruence class of k (mod p). 
THECXEM 1.7. Let p be an odd prime, let 0 % b < p and let 
k = s(p - 1) + r = o-p + (Y, where 0 < r < p - 1, 0 < OL < p. Then 
(i) for 1 < r < p - I 
(-1)’ 2 t-1)” (s’pq;:‘b’ ‘) (qp + b)’ 
E -k(-p)+l(r - l)! (mod p8+v(k)), (Y = 0, 
z 0 (mod p9, O<ar<r, 
E (-I)‘(-p)+l r! (F) (modp”), r < a; 
(ii) fir 1 < r < p, 
(- llb z. (- 1)” rtp ;;:‘b’ - ‘) (qp + b)’ 
E -k(-p)s-l(r - l)! (mod ps+u(k)), a = 0, 
5s 0 (mod ~3, O<ol<r-1, 
z (-l)‘-y-p)+1 [(” i l)(r ” 1) (r - I)! - (“;)(T 1 i) (r - I)! b] 
(mod ~9, r-l <CX. 
ProoJ We give only the method. One investigates the congruence class 
of the bracketed coefficient on the right side of Eqs. (i) and (iii) of 
Theorem 1.6. Since k = s(p - 1) + r = up + c11, s 3 r - (II (modp). f 
One could, of course, do analogous analyses for formulas (ii) and (iv) 
of Theorem 1.6. 
We finish our study of the partial Stirling numbers by obtaining some upper 
bounds and improved lower bounds in the case of Theorem 1.4(i), where 
a<c-1. 
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THEOREM 1.8. Let k = s(p - 1) + II = up + a, 0 < 01 < p, and let 
1 ~r<p-l.~~0~a<r-l,tha 
(i) for 01 = 0 or a > a + 1, 
(-1)b z0 (-l)e (“‘“,:)hf “) (qp + b)’ = 0 (modps-l+V(k)); 
(ii) for ol=a+l, 
(--ljb ;*w p,:)hf “) (w + w 
= (-])a(--p)“-‘[(a + l)! S(v + 1, a f 1) 
- (a + l)! S(r, a + l)b] (mod P”): 
(iii) for 01 = a > 0, 
(-ljb ,Fb c---1)4 pq;$+ “) (qp + b)F 
= (- 1 )Q( -p)“-’ a ! S(r, a) (mod ~9; 
(iv) for 0 < 01 < a, 
(-lib z. C-1)” (y-p-$- “) (qp -/- b)’ = 0 (mod p”). 
Proof. Part (i) is a restatement of part of Theorem 1.4(i) and is included 
here only for completeness. The other proofs are by induction on r. a 
2. SOME STIRLING NUMBER IDENTITIES 
Our purpose here is to derive identities among Stirling numbers which are 
useful in calculating modulo prime powers. 
Let p be a prime and define 
~244 w  = k! e, k) - (-1)” & (-l)pq (,“,) (pq)” 
, 
= (-1)” qFo C-1)” (;) (4)“. 
(P.&l 
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Letl<t<[n/dl=Aaandl<i<A+l-t=N.Then 
i--l+t 
& (-lYi ( t l+J-i ) T*(n - dj, k) 
= *-y (-])l+i-i ( t 
j-i-1 l+j-i 
) (-1)” c (-1p (i) qn-dj 
G%l 
= (-1)” c (-l)P (3 qn+W+‘(qd - 1y. 
e=o 
(9.0)=1 
We rewrite this in the form 
+ (-1)” z. (-1)* (“,) (qd - I)” qn+d(l-f-t), 
(ml)=1 
where 
Q, = (-l)l+“+j 1 +i _ ,), ( i - 1 <j, 
zzz 0, j<i-1, 
for1 <i<N,l <j<A. 
PROPOSITION 2.1. Let Q be the N x N matrix with 
i < k, 
=(,“l)(i--:?:-‘)-(~r:)(i?t12), k<i+t-2. 
Then 
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Proof. The proof is easy; we only mention that the main identities among 
binomial coefficients used are 
i. txl”d = O, 
= 1, 
II = r > 0, 
II -= r = 0, 
x-r x -x-l \ = -- 
n ( I( I n-r-l b 
n>r>o, 
which may be found in Gould [2, formulas (3.1) and (3.14)]. 1 
Multiplying both sides of system (*) by 0 and using the identiy 
which is easily obtained from formula (1.10) of Gould [2], we obtain the 
following. 
COROLLARY 2.2. Let n=Ad+r, O<r<d. If l<t<A and 
I <j<A+l--&then 
= it f *)[T& - 44 - C-1)" c 
q>o 
(--lY (i) qT g (A F') W - l)i] 
(P,d=l 
- (-l>“j (t A l)(fIi) I$ (-l>i (” T ‘) 
t--l--i 
X (A _ i)(A _ i -j) Did + 6 k)- 
Finally, taking j = A + 1 - t in the formula of Corollary 2.2 we obtain 
COROLLARY 2.3. For n = Ad + r, 0 < r < d, and 1 < t < A, 
T,OI> k) = C-1)‘” f’ (4) i=t 
q;. (-1)~ (3 qqq” - ly 
(?L&=l 
- (-l)t y (-l)i (‘!)(t 1: 1:) T&id + r, k). 
a’=0 
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We wish to investigate divisibility by powers of prime numbers, and hence 
we wish to convert this equality to a congruence module a prime power. 
To this end, recall that the group of units of the ring Z/p”Z is cyclic of order 
(p - l)pa-l if p is an odd prime, and is a direct product of cyclic groups 
of orders 2 and 2”-2 if p = 2 and cy >, 2. Thus if q is an integer relatively 
prime to p, 
~P(P-1) - 1 s 0 (mod pa+l) ifpisodd, CY 20, 
= 0 (mod 2=+7 ifp = 2, a > 1. 
To shorten notation, let E = 1 ifp is an odd prime, E = 2 ifp = 2. 
PROPOSITION 2.4. Let p be a prime and d = p”(p - 1) where 01 > 0 if 
p is odd, 01 > 2 ifp is even. If n = Ad $ r, 0 < r < d, and 1 ,( t < A, then 
k!S(n,k)+(-l)t~(-l~($(~I~I~)k!S(id+r,k) 
f=O 
= (-l)‘C+t c (-l)PQ (;A (pq)‘? (-l)i ($(:‘r,‘_ii) (pq)id 
QS f-0 
(mod ptta+‘,)). 
Proof. In the formula of Corollary 2.3, ther terms (qd - 1)” = 0 
(mod p i(a+r)), t < i < A. Recalling the definition of T&r, k), and noting 
that n = Ad + r >, Apa(p - 1) 2 tpa(p - 1) > t(a + c) so that (pq)n = 0 
(rnod~t(“+~)) yields the result. 1 
PROPOSITION 2.5. Let p be a prime, let d = p”(p - 1) where 01 > 0 if 
pisoaV,ar>2lifp=2;andletn=Ad+r,O,<r<d.Ifl ,<h<t<A, 
and (/J E 0 (modpi(a+f)) for 1 =G i < A, then 
k!S(n,k)-(-l)t-A~(-l~(~)(~~~~~)k!S(id+r,k) 
f-0 
- (-l)k+t-A E(-1)” (;)(:I; 1;) 1 (-l)PQ (;A (pq)“@f’ 
Q>O 
(mod P~(@+~)). 
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Proof. In the formula of Corollary 2.3, note that 1 < t - h + 1 < A 
and that (f)(qd - 1)” E 0 (modpt(a+c)) for t - h + 1 < i. Thus 
T,(n, k) = (-l)“-” ‘2 (-l>i (‘!)(:I: 1:) T,(id + r, k) (modpt(“+‘)). 
I=V 
An analysis similar to that in the Proof of 2.4 yields the formula. 1 
In order to apply this proposition, we give some results on binomial 
coefficients. 
It follows directly from the work of Singmaster [4] that ($$) z(t) 
(modpe+l) where e = V,(Z). Moreover, 
LEMMA 2.6. Let a, b be relatively prime top and let pt’b d pa. Then 
z (-l)pb-1 ;p~-B (mod pm-Bfl). 
For the remainder of this section we will adopt the following notation. 
tit pEcu) < u < p@c”)+l and write A = A,’ + A:, where A,’ = Cfz’ aipi, 
A, = &a&, v > p(u), a, > 0 is the p-adic expansion of A. 
PROPOSITION 2.7. With this notation, if y(u) = [u/fl(“)] 
A special case which is useful in the next section is the case 1 < u < p 
which we state as a corollary. 
COROLLARY 2.8. Let 1 < u < p, and let A = a,, + CgV aipi, a,, # 0 
be the p-adic expansion of A. Then 
(;) = (yg -“Pv&-‘)tf(u~i) (mod p”+l). 
p = p(A, t) = max At’, t - 1 - 
I [ 
v - B(t) 
II a+e - 
Then for 1 < i < t - CL, t - i > ~1 > At’, so &$) E 0 (modp+-B(f)) by 
Corollary 2.8. Also, t - i > t - 1 - [(v - fi(t))/(a + E)], so [(v - p(t))/ 
(01 + E)] > i and (LX + E) i < (CX + E)[(v - fl(t))/(or + E)] d Y - p(t). Thus 
(a + E) i < v - p(t) and ($ = 0 (mod P~(~+~)) for 1 d i < t - p. Applying 
this to Proposition 2.5, we obtain the following. 
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PROPOSITION 2.9. Let p be a prime; n = Ad + r where 0 < r < d = 
pa(p - l), 01 > 0 ifp is odd, a: > 2 ifp is even. If 
p=min t-1,max A,‘,t-l- 
i [ 
v - PO> 111 a+e ’ 
k!S(n,k)-(-l)‘.~(--l)“(~)(A~~~i)k!S(id+r,k) 
i=O 
- (-l)k+, i (--1Y (4,(” ---; i) 1 (-I)94 (,“,, (pq)“a+’ 
i=O 00 
(mod ptca+rJ). 
COROLLARY 2.10. Letp be an oddprime, n = Ad + r where 0 < r < d = 
p”(p - 1). If 1 < t <p, then 
k!S(n,k)--(-l)“~(--l)‘(q)(A~~~i)k!S(id+r,k) 
i>O 
- (- W+” (” ; ‘) z. (-1)” (id (pq)’ (mod pt’“+l)). 
/ 
Proof. Since pa > 01 + E, d = p”(p - 1) > (a 4 6) t and (pq)id+’ = 0 
(mod P~(~+~)) for i > 1. 1 
A careful analysis of this formula shows that it holds for t = p unless 
a=r=OandAr1(modp2). 
3. DIVISIBILITY OF SOME STIRLING NUMBERS 
Let d,,, = g.c.d. {k!S(n, k) 1 m < k G n}. Clearly m! divides d,,, and 
since S(n, n) = 1, d,,, divides iz ! The following theorem gives the exact 
conditions for pt to divide A,,, for p an odd prime and t < p. 
THEOREM 3.1. Let p be an odd prime, let n = A(p - 1) + r, where 
0 < r < p - 1, let A = a0 + CaY aipi be the p-adic expansion of A with 
aV#OifA#ao.IfA#aolet~=max{ao,t-v-l}.Thenforl Http, 
(i) if 1 < t < a, and t < r, then pt divides A,,, if and only if 
m > (t - l)(p - 1) + r; 
(ii) if 1 < t < a, and t > r, then pt divides A,,, if and onZy if 
m > t(p - 1) + r; 
(iii) ifA = a, and 0 < a, < t, then pt does not divide A,,, ; 
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0”) if A # a,, 0 < a, < p < f, and t - v < r, then pt divides A n.m r;f and only if m > ~(p - 1) + r; 
69 if A f a,, 0 < a, < t.~ < t, and r < t - v, then pt divides 
A n,m if and only if m > maxia,, , t - ~}(p - 1) + r; 
(vi) if A # a, , 0 = a, B p < t, and t < r, then pt divides A,,, if 
and only ifm > ~(p - 1) $ r; 
(vii) if A i a, , 0 = a, B p < t, and r < t, then pt divides A,., if 
andonly ifm > t(p - 1) + Y. 
By Proposition 2.4, forp an odd prime, n = A(p - 1) + r, 0 < r < p - I, 
and 1 < t < p, 
k! S(n, k) z (-l)t-l '2 (-l)i (f)(f 1: 1,') k! S(i(p - 1) + r, k) 
i=O 
f (-l)f+k ($:::, zO(-lY (iq, (pq)’ (modp”). 
/ 
Let A = a,, + Cj>, aipj be the p-adic representation of A. 
(i) Let 1 < t < a,, , t < r. Then (pq)’ = 0 (mod pi), and 
k!S(n,k) = (-l)“-’ ‘z(-l)i (4,(;“_:1;) k!S(i(p - 1) + r,k) 
i=O 
(mod p”). 
If k > (t - l)(p - 1) + r, then k > i(p - 1) + r, for 0 < i < t - 1, so 
k! S(i(p - 1) + Y, k) = 0. Thus k! S(n, k) 3 0 (modpt). If k = (t - 1) x 
(p - 1) + r and 0 < i < t - 1, then k!S(i(p - 1) + r, k) = 0 and 
k!S(n,k)--(tfl)k!S(k,k)-(t’l)k! (modpt). 
By Lemma 2.6, 
(,” 1) = (,2,) &O (mod& 
and according to Singmaster [4], k! = (-p)t-l(t - l)! (r - t + l)! (mod pt). 
Thus 
k! S(n, k) I= tt _” 1) k! 
4 ) t “” 1 (-p)“-‘(t - l)! (r - t i- l)! + 0 (mod pt). 
Thus in this case pt ) A,,, if and only if m > (t - l)(p - 1) + r. 
641/10/r-4 
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(ii) Let 0 < r K t < a, . Then a,, > 0 and by Lemma 2.6 
($1;) 3 (“,“I,‘) + 0 (modp). 
For k > t(p - 1) + r, k! S(i(p - I) + r, k) = 0, for 1 < i < t. By 
Corollary 2.10, 
k!S(n, k) = (-l)t+k (;I;) g;O(-l)~ ( 
For k = t(p - 1) + I, by Theorem 1.6(i), 
k! S(n, k) E (-l)t+V (“PI,‘) r! (’ ; 
(mod pt). 
1 (-p)“-’ + 0 
(mod pi). 
In this case pt / A,,, if and only if m > t(p - 1) + r. 
(iii) O<a,<t, aj=O, j>v>O. Then n=A(p-l)+r= 
a,,(p - 1) + r and v,(n!) = a, < t if a0 < r, while v,(n!) = a, - 1 < t 
if a,, > r. Since A,,, 1 n! we see that pt does not divide A,,, in this case. 
Now suppose a, # 0, v > 1, and let p = max{a, , t - v - l}. Then by 
Corollary 2.10, 
k! S(n, k) = (-1)“ i (-IY (f)(” ,’ r ‘) k! S(i(p - 1) + r, k) 
j=O 
- (-l)a’k (” i ‘) z. (---I)’ (pkq) (pq>’ (modp3. 
/ 
(iv) Let t > p 3 a, > 0, r 3 t - v. Note that by Proposition 2.7 
(” i ‘) s (““i ‘) + Fp” E Fp” (modp”+l); 
hence, 
k! S(n, k) = (-1)” i (-l>i (‘f)(” ,ir ‘) k! S(i(p - 1) + r, k) 
i=O 
(mod p3. 
If k > p(p - 1) + r, then k! S(i(p - 1) + r, k) = 0 for 0 < i < LL, so 
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k!S(n,k)zO(modpt).Ifk=&- l)+r,thenk!S(i(p- l)+r,k)=O 
for 0 < i < p, and k! S(n, k) = (z) k! (mod$). By Corollary 2.8, 
(“,, ?= (“,o) + Gp” (mod pYfl) 
:- Gp” (modp”+l) if /&=+-v--l >a, 
-Z 1 + Gp” (modp”+‘) if p = a, < t. 
k!  S(n, k) c: (“) k !  E FpvGpu z Hpt-1 (mod p”) 
P 
ifp=r--v-l >a, 
= (1 i Fp”) Gpu + 0 (mod pt) if r>p=a, 
= (1 -t Fp”) Gpu-’ g 0 (mod p’) if r<p=a,. 
Thus in this case pt / d,,, if and only if m > p(p - 1) + r. 
(v) Let r > t > p >, a, = 0. Then by Corollary 2.10 
k!S(n,k)~(--l)“‘f(--I)i(~)(A~~~i)k!S(i(p-l)+r,k) 
LO 
(mod pt). 
For k > ~(p - 1) + r, S(i(p - I) + r, k) = 0 for 0 < i < ,LL, so 
k! S(n, k) = 0 (modpt). For k = p(p - I) + r, S(i(p - 1) + r, k) = 0, 
for O<i<,uso k!S(n,k)r(t)k!. Now v,(k!)=p so k!=GpUand 
(;) = @) + Fp”. If /L = a, = 0, k!S(n,k)=(l+Fp’)G=G+Hp’ 
(mod pt), k ! S’(n, k) f 0 (mod pt). If p > a0 = 0, then k ! S(n, k) = Fp’Gp” = 
FGpvpt+-l = FGp’-l S& 0 (mod p”). Thus pt j A,,,, if and only if 
m > P(P - 0 + r. 
(vi) Let t > p > a0 > 0 and t - Y > r. Then (“;l) = Fp” and 
k!S(n, k) = (--1Y k (-I)” (f)(” ,‘T ‘) A-! s(i(p - 1) -I- r, k) 
i=O 
- (-1)“+‘F~“~~~(--1)~ (,“,) (pq)’ (modpt). 
If p=a,>t- Y and k > a,(p - 1) + r, then S(i(p - 1) + r, k) = 0 
for 1 f k < p = a0 and &o (- I)q(,k)(pq)r = 0 (modp”o) by Theorem 1.4. 
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Thusk!S(n,k)=O(modpt).If~=a,>t---andk=a,(p--l)+r 
then S(i(p - 1) + r, k) = 0 for 0 < i < a,, , 
k! S(n, k) = (a”,) k! - (-l)“+lc Fp” c (-1)~ (p”,, (pq) (mod pt). 
sao 
Now (a”,) = 1 + Fp”, u,(k!) = a, - 1 and 
k! S(n, k) = (1 + Fp’) Gp=+ - (- l)aO*k Hp’(-p)ao-l r! (“” L ‘) (modpt) 
+fo (mod p”). 
If p = t - v - 1 > a, and k > (t - v)(p - 1) + Y, then S(i(p - 1)+ 
r, k) = 0 for 1 < i < p and 
k! S(n, k) = (-l),+li Fp” c (-1)Q (,“,) (pq)’ = 0 (modpt) 
n>o 
by Theorem 1.4. If k = (t - v)(p - 1) + r. S(i(p - 1) + r, k) = for 
0 < i < p and 
k! S(n, k) = (--1)~+~ Fp”(-p)t-v-l r! (’ - “, - ‘) (modpt) 
$0 (mod pt). 
Thus pt I 4, if and only if m > max{t - V, a,}(~ - 1) + r. 
(vii) Let t > ~1 3 a, = 0 and t > r. Then (“;‘) = (;“) + Fp”. For 
k > t(p - 1) + r, S(i(p - 1) + r, k) = 0 for 0 < i < p and 
&o (- l)q(,k)(pq)r = 0 (mod pt) by Theorem 1.4. Thus k! S(n, k) = 0 
(modpt). For k = t(p - 1) + r, 
k!Sh k) = C-1)” c (--llq (,“,) (pqY + F~~~~,-l,~(pkq) (pqY 
420 / 
3 (-I)&:(-p)t-1 r! (’ r ‘) (modp? 
by Theorem 1.6. Thus k! ,S(n, k) 9 0 (modpt). In this case pt / A,,, if and 
only if m > t(p - 1) + r. 
4. DIVISIBILITY FOR p = 2 
The methods of the previous section do not yield information on the 
divisibility of A,,, by powers of 2. Nevertheless, we can adapt Corollary 2.3 
to do fairly efficient calculations in this case. We first observe the following. 
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If p is prime, set 
A,,,,, = g.c.d.(T,(n, k) j m < k < n]. 
LEMMA 4.1. For p prime and n > m 
v,SA rim,,) = v,(A.,d. 
Proof. Recall that 
I: k ! S(n, k) (mod p”). 
Also recall that A,,, j n!, so that u~(A,,~) < v&z!) < [(n - l)/(p - I)] < n, 
and since T,(n, n) E n! S(n, n) = n! (modp”), v~(A~,~,~) < [(n - I)j(p - I)]. 
Together these imply the result. i 
For p = 2 this is an especially useful reduction since T,(n, k) is easy to 
calculate. 
From Corollary 2.3 with n = 4A + r, 0 < r < 3 and 1 < t < A, we 
obtain the following two formulas. 
T,(4A -t r, k) 
= -(- l)t y (- I)i ($(t 1 i z (1 T,(4i + r, k) 
i=O 
(mod 29, (*) 
T,(4A + r, k) 
z -(--l)t y (-l>i ($(:I; 1:) T,(4i + r, k) 
idI 
+ (- iy+l (t ) *co (,,“, ,) (29 + 1)‘[(2q + 1)’ - llt (mod 24’t+19. 
(**) 
Table I gives 
P,,,(A) = i (-l>i (‘!)!” 1’ i i, T,(4i + r, k) (mod 216). 
i=O 
We remark that the identity 
W’,(n, k) + T,(n, k - 111 = T,(n + 1, k> 
is extremely useful in computing this table. 
THEOREM 4.2. For m > 2, v~(A~~+~,~) is given by Table II. 
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TABLE II 
r 
m 0 1 2 3 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
1 
2 
3 
4 A = 0 (2) 
5 A FZ 1 (4) 
6A=3 (4) 
5 A = 0 (2) 
6 A = 1 (2) 
6 
7 
7 A -= 1 (2) 
8 A - 0 (4) 
9 A 3 6 (8) 
10 A = 10 (16) 
11 A=2 (32) 
12 A - 18 (32) 
8 A :- 1 (2) 
9 A = 0 (4) 
10 A = 6 (8) 
11 A=10 (16) 
12 A 3 2 (16) 
9 A ZE 1 (2) 
10 A 3 0 (4) 
11 A=6 (8) 
12 A = 2 (8) 
10 A = 1 (2) 
11 A=0 (4) 
12 A = 6 (8) 
13 A-2 (8) 
1 
1 
3 
3 
5 A = 0 (2) 
6 A :-; 1 (4) 
7 A ES 7 (8) 
8 A = 3 (8) 
5 A = 0 (2) 
6 A :ES 1 (4) 
7 A = 7 (8) 
8 A = 3 (8) 
7 A ES 0 (2) 
8 A = 1 (2) 
7 A = 0 (2) 
8 A = 1 (2) 
8 A - 1 (2) 
9 A E 0 (4) 
10 A = 6 (8) 
11 A E 10 (16) 
12 A -2 (32) 
13 A = 50 (64) 
14 A = 18 (64) 
8 A = 1 (2) 
9 A = 0 (4) 
10 A = 6 (8) 
11 A = 10 (16) 
12 A - 2 (32) 
13 Ar50(64) 
14 A = 18 (64) 
10A-l (2) 
11 A=0 (4) 
12 A FE 6 (8) 
13 A = 10 (16) 
14 A -2 (16) 
4 
7 A : 0 (2) 
8A-3 (4) 
9 A L-I I (4) 
7 A = 0 (2) 
8 A = 3 (4) 
9 A - I (4) 
7 A -s 0 (2) 
8 A 1: 3 (4) 
9 ‘4 --_ I (4) 
8 A = 0 (2) 
9 A 1- 1 (2) 
9 A = 1 (2) 
lOA= (4) 
11 A = 6 (8) 
12 A = 10 (16) 
13 A = 2 (32) 
14 A-50(64) 
15 A -18 (64) 
10 A E I (2) 
11 A = 0 (4) 
12 A - 6 (8) 
13 A = 10 (16) 
14 A = 2 (32) 
15 A - 18 (32) 
4 
4 
7 A = 0 (2) 
8A=3 (4) 
9 A = 5 (8) 
IO A = 9 (16) 
It A -= 1 (16) 
7 A .- 0 (2) 
8 A -: 3 (4) 
9 A I-5 5 (8) 
IO A =i 9 (16) 
II A = 1 (16) 
8 .4 = 0 (2) 
9 A = 3 (4) 
10 A = 5 (8) 
1 I A c 1 (8) 
8 A := 0 (2) 
9A=3 (4) 
10 A = 5 (8) 
II A XE 1 (8) 
I1 A = I (2) 
12A=O (4) 
13 A E 6 (8) 
14 A = 10 (16) 
15 A ~2 (16) 
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We give some sample calculations. Using formula (*) with t = 3 and 
reading down the columns for P&A), we see that Q(&+~,~) = 
mW2SP4A+r.k (4) I k 3 4 P rovided this number is <12. We calculate 
the column for r = 0, k > 9. 
Clearly v2(d4,& = 1, v~(LI~~,J = 2, v,(d,,,,) = 3, since the polynomial 
in parentheses assumes only odd values for integral A. Note that v~(&,,) = 6, 
v,(d,,,,) = 7 for the same reason. If A is even v,(&,& = 4 and 
v2@,,,3 = 5. Since A,,,, I A,,,, , A,,,, I A,,,, , v~C~~~,J G 6, v2(A4A,6) d 6. 
Thus for A odd, v~(~&~,,J = 6. If A = 1 (mod 4) A - 3879 z 2 (mod 4) 
and ~&d*~,~) = 5. If A = 3 (mod4) A - 3879 = 0 (mod4) and 
A - 1321 ES 0 (2) so v~(&& = 6. 
The number Q,(LI~~,J illustrates the remaining difficulties in calculation 
of these numbers. We are interested in the power of 2 simultaneously dividing 
2’(A - 178), 2$4 - 162), 29(A + 6), 21°(A + 38), and 211(A - 14) except 
that since we use (*) with t = 3, we get exact information only when 24 
is the simultaneous divisor with q < 11. One easily sees that unless A = 18 
(mod 32), one can calculate this divisor exactly, but if A = 18 (mod 32) 
each of these polynomials is divisible by 212, i.e., v2(d4A,9) > 12. Now if 
A E 18 (mod 32), then (;‘) ES 0 (mod 16), and using (**) with I = 3, 
T,(4A, k) s P,,,(A) (mod 24). But for A = 32B + 18, P,,,(A) = 195 . 
212(2B - 5)(64B + 285) (mod 216) and we conclude v2(d4,,,) = 12 in this 
case. Q 
Remarks. (1) Table I permits partial calculations of r.~~(d~~+~,,J for 
13 <m < 16. 
(2) AIthough our method of calculation appears to be valid for A > 3 
because we are using formula (*) with t = 3, the calculations are actually 
valid for A > [(m - r)/4] > 0. 
(3) The methods of this section will also yield-results in the casep = 3. 
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